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Prior findings

SMS-EMOA

µ` 1 hypervolume based selection
least contributer replaced by better one

Hypervolume decreases appear frequently

ZDT1, µ “ 100
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Prior findings

Different reasons identified
(cf. L. Judt et al. @ MCDM 2011)

2D case
special handling of boundary solutions

3D case
adaptive reference point yields different
results if

§ reference point changes
§ performance is calculated w.r.t. fixed

reference point

Research question

Does this matter?
Negative influence on final outcome?
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Selection strategies under investigation

4 strategies under investigation, combinations of

adaptive and fixed reference point
whether or not decreases are accepted

Adaptive reference point schemes

adaptive/with
§ adaptive reference point
§ decreases in hypervolume are accepted
§ the standard case

adaptive/without
§ adaptive reference point
§ decreases in hypervolume are omitted
§ selection not accomplished
§ a repairing case
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Selection strategies under investigation

Fixed reference point schemes

fixed/without
§ reference point fixed like for indicator calculation
§ decreases are omitted
§ the assured implementation

§ decreases may appear in 2D
§ no decreases possible for higher dimensional case

fixed/with
§ reference point fixed
§ decreases in hypervolume are accepted
§ the impossible case (decreases are not expected)

§ just to have all combinations?
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Experimental setup

Different dimensions under investigation
§ 2D: ZDT1 - ZDT4
§ 3D: DTLZ1 - DTLZ3
§ 4D: DTLZ2

fixed parameterization for variation
µ “ 100
50 runs per combination
100 000 fitness function evaluations each

Reference points considered

EMOA with and without Hypervolume Decreases 5

ZDT1 – ZDT4 (cf. [10]) with 30 decision variables each, 600 runs were con-
ducted with the three 3-dimensional test functions DTLZ1 – DTLZ3 (cf. [5])
with the number of decision variables being reduced to 7 and 12 as suggested
by Deb et al. [5] and 200 runs were performed with a 4-dimensional version of
DTLZ2 with 13 decision variables.

In addition, as parameters for the Simulated Binary Crossover (SBX, [4]) and
the Polynomial Mutation (PM,[4]) operator the combination sbx n = 10, sbx p

= 0.5, pm n = 20 and pm p = 0.1 was considered. All runs consisted of 100 000
fitness function evaluations with a population size µ of 100 individuals.

The fixed global reference points chosen are provided in Tab. 1.

Table 1: Global fixed reference points considered

ZDT1 – ZDT3: [11, 11] DTLZ1: [1000, 1000, 1000]

ZDT4: [1000, 1000] DTLZ2: [11, 11, 11]

4-dim. DTLZ2: [11, 11, 11, 11] DTLZ3: [2000, 2000, 2000]

Such remote choices at times were necessary in order that all generated in-
dividuals, including those in the starting populations, would be dominated by
these reference points.

Furthermore, the four strategies outlined in Sec. 2 were implemented for these
runs. For adaptive/with and adaptive/without, the evaluated hypervolume
contributions are based upon an adaptive reference point, whereas the fixed refer-
ence point provided above is used for the fixed/with and fixed/without strate-
gies. Moreover, selections that lead to a decrease in hypervolume w.r.t. the fixed
reference point are discarded under the adaptive/without and fixed/without

strategies, in contrast to being kept under the adaptive/with and fixed/with

strategies.

For each combination of strategy, test function, and population size 50 in-
dependent runs were conducted. The hypervolume w.r.t. a fixed reference point
for each generation was calculated and stored. More details on exact parameter-
izations and reference points are provided in the supplementary material1

4 Results I: 2-dimensional and surprising 3-dimensional

All results are presented as histograms of the hypervolume distributions. Each
entire figure is composed of of several graphics as subfigures that represent his-
tograms of a specific setting. To this end, figure 1 consists of 16 graphics, sub-
divided into four graphics in each row and column.

1 Supplementary Material is available at http://ptr.p-value.net/emo13.

B. Naujoks (CUAS) Hypervolume regression and EMOA performance March 2013 6 / 18



Presentational setup

Factors to consider
test function
reference point handling
number of fitness function evaluations (FFE)

Histograms of 50 independent runs
1 progression over FFE for one representative

instance
2 results for all instances at 30 000 FFE

(recommended number in literature)

Coming next: Grid of 4x4 such histograms ...

EMOA with and without Hypervolume Decreases 7
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Fig. 1: Histograms of received hypervolume values for ZDT2 within the progres-
sion of the optimisation runs, i.e. after 500, 10 000, 30 000, and 100 000 fitness
function evaluations (left to right). Within one column, the four different strate-
gies are depicted.

As a result, we conclude that no deviating recommendation can be made as an
advisable strategy other than the standard implementation adaptive/with for
calculating the hypervolume contributions in theSMS-EMOA for 2-dimensional
functions.

4.3 Progression of the hypervolume in 3-dimensional test cases

In parallel to Figure 1, Figure 3 depicts histograms portraying the obtained
hypervolume after 500, 10 000, 30 000, and 100 000 fitness function evaluations
for test function DTLZ2. The four proposed algorithmic variants are aligned in
columns again.

DTLZ2 was chosen to represent the 3-dimensional test cases due to the fixed
reference point for calculating the hypervolume being comparatively close to the
Pareto front. This results in a much lower scale for the achieved hypervolume
throughout the optimization process, which in return appears to be more suitable
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Results: 2D, ZDT2 progression
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Results: 2D, all test functions at 30 000 FFE
ZDT 1
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(ZDT4: value of 990 000 subtracted from actual hypervolume value!)
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Results: 2D

Two with and two without schemes provide identical results
Results solely depending on acceptance of decreases

In line with expectations! In 2D:
Decreases can arise for fixed strategies
Decreases independent of reference point handling

However
more and more hypervolume gained on progression
similar distributions at the end

Best variant? No clear evidence!
Advise: Continue using standard implementation

B. Naujoks (CUAS) Hypervolume regression and EMOA performance March 2013 10 / 18



Results: 3D, DTLZ2, progression
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Results: 3D, all test functions at 30 000 FFE

Most striking

variant fixed/without differs from variant fixed/with

Decreases (in 3D) have not been expected due to invoking same
reference point for selection as for performance measure
Moreover, they were thought to be impossible!

Even strict Pareto compliance is violated, i.e.
dominating point accepted, but hypervolume decreases

Solution sets ty1, . . . , yn, yn`1u found with

yhyprpty1, . . . , ynuq ă yhyprpty1, . . . , yn´1, yn`1uq

even though yn dominates yn`1

(yhypr: numerical approximation of hypervolume w.r.t. reference point r)
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Results: 3D, all test functions at 30 000 FFE

Deeper investigation

Differences very small: in 15th or 16th significant digit
(using double precision floating point numbers)

changes in hypervolume are of same order as observed errors in
numerical approximation (of hypervolume)

Even worth:
Only able to detect effects if one solution dominates the other
but they also occur for incomparable solutions
ñ no criterion to decide

B. Naujoks (CUAS) Hypervolume regression and EMOA performance March 2013 13 / 18



Results

Mean number of decreases with fixed/with

EMOA with and without Hypervolume Decreases 11

Table 2: Mean number of occurred decreases with fixed/with strategy after
500, 10 000, 30 000, and 100 000 fitness function evaluations (fe, left to right).
Within one column, the four 3-dimensional and one 4-dimensional test functions
are depicted. Note that the numbers shown represent an average of the 50 runs
for each of these settings.

after 500 fe after 10 000 fe after 30 000 fe after 100 000 fe

DTLZ1 7 34 166 1274

DTLZ2 3 4 4 5

DTLZ3 10 44 200 551

4dim. - DTLZ2 3 3 3 3

2-dimensional case and because it is the amount of evaluations that is mostly
spend on these function in other investigations.

Figure 4, like Fig. 2 before, details these results introduced above. Again,
the graphics for one test function are provided in one column while the graphics
belonging to one algorithmic variant are presented in one line with fixed/with

at the top and adaptive/without at the bottom.

The difference in performance of the four algorithmic variants can again be
observed in the results presented here. This in particular holds for the results for
DTLZ2 and DTLZ3, while the results for DTLZ1 look identical for three of the
four types. Only the adaptive/with variant provides a distribution of results
over the presented x-range with some outliers right in the left corner of the
graphic. Due to these outliers, the scaling of the x-axis was adapted accordingly,
what made, in turn, the other results look like not being distributed at all, i.e.
all offering the same results.

A phenomenon a bit similar can be observed for the DTLZ3 test function,
where the results for fixed/without are much more distributed over the pre-
sented range making the other results appear more narrowed around a specific
value. However, differences in the histograms for all four algorithmic variants
can clearly be observed here.

Note, that the remarkable difference in the presented x-range is due to the
choice of different reference points for the test functions under investigation.
This as well as the partly different shapes of the Pareto front result in incom-
parable amounts of hypervolume that can be achieved by the different algo-
rithms/selection variants. Moreover, due to the huge of amount of achievable
hypervolume and the desire to have suitable axis labels, amounts of hypervol-
ume were subtracted for DTLZ1 and DTLZ3. These amounts are provided in
the caption.

Trying to answer whether a fixed or an adaptive reference point or the ac-
ceptance of decreases or not really pays of is not easy. No significant differences
can be detected comparing the four variants over all three test functions. Of
course, the already mentioned two variants adaptive/with and fixed/without

Reference points considered:

EMOA with and without Hypervolume Decreases 5

ZDT1 – ZDT4 (cf. [10]) with 30 decision variables each, 600 runs were con-
ducted with the three 3-dimensional test functions DTLZ1 – DTLZ3 (cf. [5])
with the number of decision variables being reduced to 7 and 12 as suggested
by Deb et al. [5] and 200 runs were performed with a 4-dimensional version of
DTLZ2 with 13 decision variables.

In addition, as parameters for the Simulated Binary Crossover (SBX, [4]) and
the Polynomial Mutation (PM,[4]) operator the combination sbx n = 10, sbx p

= 0.5, pm n = 20 and pm p = 0.1 was considered. All runs consisted of 100 000
fitness function evaluations with a population size µ of 100 individuals.

The fixed global reference points chosen are provided in Tab. 1.

Table 1: Global fixed reference points considered

ZDT1 – ZDT3: [11, 11] DTLZ1: [1000, 1000, 1000]

ZDT4: [1000, 1000] DTLZ2: [11, 11, 11]

4-dim. DTLZ2: [11, 11, 11, 11] DTLZ3: [2000, 2000, 2000]

Such remote choices at times were necessary in order that all generated in-
dividuals, including those in the starting populations, would be dominated by
these reference points.

Furthermore, the four strategies outlined in Sec. 2 were implemented for these
runs. For adaptive/with and adaptive/without, the evaluated hypervolume
contributions are based upon an adaptive reference point, whereas the fixed refer-
ence point provided above is used for the fixed/with and fixed/without strate-
gies. Moreover, selections that lead to a decrease in hypervolume w.r.t. the fixed
reference point are discarded under the adaptive/without and fixed/without

strategies, in contrast to being kept under the adaptive/with and fixed/with

strategies.

For each combination of strategy, test function, and population size 50 in-
dependent runs were conducted. The hypervolume w.r.t. a fixed reference point
for each generation was calculated and stored. More details on exact parameter-
izations and reference points are provided in the supplementary material1

4 Results I: 2-dimensional and surprising 3-dimensional

All results are presented as histograms of the hypervolume distributions. Each
entire figure is composed of of several graphics as subfigures that represent his-
tograms of a specific setting. To this end, figure 1 consists of 16 graphics, sub-
divided into four graphics in each row and column.

1 Supplementary Material is available at http://ptr.p-value.net/emo13.

Avoid reference points far away from Pareto-front?
Still a question whether decreases matter!

B. Naujoks (CUAS) Hypervolume regression and EMOA performance March 2013 14 / 18



Results: 3D, all test functions at 30 000 FFE
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Results: 4D, progression
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(Subtractions: 14 000 for 4D DTLZ2!)
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Summary

Selection variants perform differently

But

No significant differences are observed!

all clear for hypervolume selection

operator seems to be very reliable and robust

Implications?

be aware of possible issues from numerics!
§ possible influence on hypervolume approximation techniques?
§ small mistakes in hypervolume will not worsen overall performance

New reference point adaptation techniques?
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Thanks,

questions?

Graduate or undergraduate student?
There is a GECCO students workshop!
Deadline: March, 28th

More info? Contact me or visit
gecco2013studentws.tiddlyspace.com

twitter.com/GECCO2013SWS
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