Infinite Series

q Introduction

We extend the concept of a finite series, met in Section 16.1, to the situation in which the number
of terms increase without bound. We define what is meant by an infinite series being convergent
by considering the partial sums of the series. As prime examples of infinite series we examine the
harmonic and the alternating harmonic series and show that the former is divergent and the latter is

convergent.

We consider various tests for the convergence of series, in particular we introduce the ratio test which
is a test applicable to series of positive terms. Finally we define the meaning of the terms absolute

and conditional convergence.

/
% Prerequisites

.

Before starting this Section you should ...

be able to use the Z summation notation
be familiar with the properties of limits

be able to use inequalities

/
ﬁb Learning Outcomes

On completion you should be able to ...

N

use the alternating series test on infinite
series

use the ratio test on infinite series

understand the terms absolute and
conditional convergence
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1. Introduction

Many of the series considered in Section 16.1 were examples of finite series in that they all involved
the summation of a finite number of terms. When the number of terms in the series increases without
bound we refer to the sum as an infinite series. Of particular concern with infinite series is whether
they are convergent or divergent. For example, the infinite series

T+ 141414

is clearly divergent because the sum of the first n terms increases without bound as more and more
terms are taken. It is less clear as to whether the harmonic and alternating harmonic series:

il Ly oLy
23 4 23 4

converge or diverge. Indeed you may be surprised to find that the first is divergent and the second is
convergent. What we shall do in this Section is to consider some simple convergence tests for infinite
series. Although we all have an intuitive idea as to the meaning of convergence of an infinite series
we must be more precise in our approach. We need a definition for convergence which we can apply
rigorously.

First, using an obvious extension of the notation we have used for a finite sum of terms, we denote
the infinite series:

ap+az+ag+---+ap,+--- by the expression Zap
p=1

where a, is an expression for the p'" term in the series. So, as examples:

142434+ = Zp since the p™ term is a, = p
p=1
PP+22 432+ = ZpQ since the p' term is a, = p*
p=1
11 1 (=1t (—1)ptt
l——+z——-+- = —_— here =
231" Z; p o p
Consider the infinite series:
@ tay+ta, =Y a
p=1
We consider the sequence of partial sums, S;, 5, ..., of this series where
Sl = a
SQ = ap + as

Sy = artay+--+a,

That is, S,, is the sum of the first n terms of the infinite series. If the limit of the sequence
S1, S9,...,5,,... can be found; that is
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lim S, =S (say)

n—oo

then we define the sum of the infinite series to be S-:
[o.¢]
S = ap
p=1

and we say “the series converges to S”. Another way of stating this is to say that

o0

Z a, = lim Z ap
1 n—oo =
m Key Point 4
Convergence of Infinite Series
An infinite series Z a, is convergent if the sequence of partial sums
p=1
k
S, So, S35, o, Sk, ... in which S, = Z a, Is convergent
p=1

Divergence condition for an infinite series

An almost obvious requirement that an infinite series should be convergent is that the individual
terms in the series should get smaller and smaller. This leads to the following Key Point:

The condition:

Q Key Point 5
a

» — 0 as pincreases (mathematically lim a, =0)

p—00

[e.9]

is a necessary condition for the convergence of the series E a,

p=1

It is not possible for an infinite series to be convergent unless this condition holds.
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Which of the following series cannot be convergent?

@128,
a f— —_— —_— DR
273 4
11 1
) [ I T H
By 1+5+3+ 7+
©1-L 1 1,
C —_— —_—— — .« ..
23 4

In each case, use the condition from Key Point 5:

Your solution

(@) a, = lim a, =
p—oo
Answer
a, = P lim,_, o P 1
P p _|_ 1 P + 1

Hence series is divergent.

Your solution

(b) ap = ph—>I£10 ap =
Answer

1
a, = — lim a, =0
P p P00 P

So this series may be convergent. Whether it is or not requires further testing.

Your solution

(c) ap = lim a, =
p—o0
Answer
(—1)PH
a, = ———— lim a, = 0 so again this series may be convergent.
p P00

Divergence of the harmonic series

The harmonic series:
1

Itipipiily
23 45

r . .
has a general term a,, = — which clearly gets smaller and smaller as n — oo. However, surprisingly,

n

the series is divergent. Its divergence is demonstrated by showing that the harmonic series is greater
than another series which is obviously divergent. We do this by grouping the terms of the harmonic
series in a particular way:

It ot iyly TN (Y ) Y N
23745 2 3 4 56 7 8
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Now

11 11 1
(5*1) 17173
(14_1_’_14_1) > 1+1+1+1:1
5 6 7 8 8 8 8 8 2
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I 1
(5*5*?5%*?5*5) 671671616716 16 16 16 2

and so on. Hence the harmonic series satisfies:

() (e bt () ) )

The right-hand side of this inequality is clearly divergent so the harmonic series is divergent.

Convergence of the alternating harmonic series

As with the harmonic series we shall group the terms of the alternating harmonic series, this time to
display its convergence.

The alternating harmonic series is:
11 1 1

— 14 ...
S 2 * 3 4 i 5

This series may be re-grouped in two distinct ways.

1st re-grouping

1 n 1 1 n 1 P 1 1 1 1 1 1
2 3 45 B 2 3 4 5 6 7
. : o 1 1 _
each term in brackets is positive since 5 > 31 > — and so on. So we easily conclude that S < 1

5
since we are subtracting only positive numbers from 1.

2nd re-grouping

. 1+1 1+1+ e 1 N 1 1 N 1 1 N
2 3 4 5 N 2 3 4 5 6

Agai h term in brackets is positive since 1> — + > = Lo 1o
aln, eac erm In brackets IS posItive Ssince - = -, = — and SO on.
gain, P 2'37 15 6

1 . . . :
So we can also argue that S > 3 since we are adding only positive numbers to the value of the first

1 ) . )
term, 5 The conclusion that is forced upon us is that

1
- <S<1
2

so the alternating series is convergent since its sum, S, lies in the range 3~ 1. It will be shown in
Section 16.5 that S = In2 ~ 0.693.
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2. General tests for convergence

The techniques we have applied to analyse the harmonic and the alternating harmonic series are
‘one-off’:- they cannot be applied to infinite series in general. However, there are many tests that
can be used to determine the convergence properties of infinite series. Of the large number available
we shall only consider two such tests in detail.

The alternating series test

An alternating series is a special type of series in which the sign changes from one term to the next.
They have the form

al—a2+a3—a4—|—---

(in which each a;, i =1,2,3,... is a positive number)
Examples are:

(@) 1—1+1—-1+1---

1 2 3 4

by - — 24+ 2 _ =
()3 4+5 67L
(0) 1 1+1 1+

C —_— —_—— —

2 3 4

For series of this type there is a simple criterion for convergence:

m Key Point 6

The Alternating Series Test

The alternating series
a1 — Q2 +a3 — Qg4+ -+

(in which each a;, i =1,2,3,... are positive numbers) is convergent if and only if

e the terms continually decrease:
ap > ag > az > ...
e the terms decrease to zero:

a

» — 0 as p increases (mathematically plggo a, =0)
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Which of the following series are convergent?

(a) Z(_l)pw (b) Z(_l—yﬂrl

st (2p+1) P’

p=1

(a) First, write out the series:

Your solution

Answer
1.3 5,
3 5 7

Now examine the series for convergence:

Your solution

Answer
1
1 — —
-1 _ "3 .
5 0= 1 1 as p increases.
(2p+1) 1+ =)
2p

Since the individual terms of the series do not converge to zero this is therefore a divergent series.

(b) Apply the procedure used in (a) to problem (b):

Your solution

Answer
) ) 1 1 1 . . . .
This series 1 — 2 + 22 + -+ - is an alternating series of the form a; —as + a3 —as+--- in
hich h i< 2 d . . 1 1
which a, = I? The a, sequence is a decreasing sequence since 1 > 2 > 2 > ...

. 1 . . .
Also lim — = 0. Hence the series is convergent by the alternating series test.
p—00 p
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3. The ratio test

This test, which is one of the most useful and widely used convergence tests, applies only to series
of positive terms.

q Key Point 7

The Ratio Test

o0
. . . . a
Let Zap be a series of positive terms such that, as p increases, the limit of ptl equals
p=1 @
T 2
a number \. Thatis lim 22 = ).
p—oo  ay

It can be shown that:

e if A>1, then Zap diverges
p=1

o if A<1, then Zap converges
p=1

e if A=1, then Zap may converge or diverge.
p=1

That is, the test is inconclusive in this case.
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Example 1

Use the ratio test to examine the convergence of the series

1 1 1
(a) 1+§+§+z+--- (b) 1+z+2*+2°+---

Solution

T
(a) The general term in this series is — i.e.
P!

- 1 N 1 N i 1 1 1
_ _ R — Clp:_ ap+1:
2! 3l o p! p! (p+1)!
and the ratio
R R at ) EPLC)LC) () I
ap  (+1! (+plp—-1)...3)(2)(1) (»+1)
lim 224 — Jim =
p—00 CLp p—00 (p-l— )

Since 0 < 1 the series is convergent. In fact, it will be easily shown, using the techniques outlined
in HELM 16.5, that
1 ! ! = 1~ 1.718
—|—5+§+-~-—e— ~ 1.
(b) Here we must assume that = > 0 since we can only apply the ratio test to a series of positive
terms.

Now
oo
l+z+2°+28 4+ = g aP!
p=1
so that
_ p1 — P
ap = T , Opy1 =T
and
. Qp . xP .
lim 2= =] =lmz=2x
p—0o0 p—oo P! p—00

Thus, using the ratio test we deduce that (if = is a positive number) this series will only converge
if v < 1.

We will see in Section 16.4 that

l+z+22 4234 =1 provided 0 < x < 1.
-z

HELM (2008): 21
Section 16.2: Infinite Series



Use the ratio test to examine the convergence of the series:

LjL 8 N 27
In3  (In3)2  (In3)

3+

First, find the general term of the series:

Your solution
a, =
Answer
1 8 = P p?
——i———l—---zz SO A, = ——
2 P
In3  (In3) ! (In3)r (In3)r
Now find a4 1:
Your solution
ap+1 =
Answer
_ (p+1)?
rl = (In3)r+t
Finally, obtain lim @:
p—0o
Your solution
Tot1 _ lim dp+l _
CLp p—00 CLp
Answer
a p+1\° 1 p+1\° \*
prl < ) . Now (—) = <1+ —) — 1 as p increases
ay p (In3) p P
. Ap41 1
1 Pl — <1
p—oo @y (In3)
Hence this is a convergent series.

Note that in all of these Examples and Tasks we have decided upon the convergence or divergence of
various series; we have not been able to use the tests to discover what actual number the convergent
series converges to.
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4. Absolute and conditional convergence

The ratio test applies to series of positive terms. Indeed this is true of many related tests for
convergence. However, as we have seen, not all series are series of positive terms. To apply the ratio
test such series must first be converted into series of positive terms. This is easily done. Consider

oo oo
two series Zap and Z la,|. The latter series, obviously directly related to the first, is a series of
p=1 p=1
positive terms.
Using imprecise language, it is harder for the second series to converge than it is for the first, since,
in the first, some of the terms may be negative and cancel out part of the contribution from the
positive terms. No such cancellations can take place in the second series since they are all positive

terms. Thus it is plausible that if Z la,| converges so does Zap. This leads to the following

p=1 p=1
definitions.

Q Key Point 8

Conditional Convergence and Absolute Convergence

(e.e] [0.9]
A convergent series Z a, is said to be conditionally convergent if Z la,| is divergent.

p=1 p=1
oo o0

A convergent series g a, is said to be absolutely convergent if g |a,| is convergent.
p=1 p=1

For example, the alternating harmonic series:

= (1)t 1 1 1
AN/
; P 2+3 4+

is conditionally convergent since the series of positive terms (the harmonic series):

o0 o0

—1)p*! 1 1 1
ZQEZ_:1+§+§+...
p=1 p p=1 p
is divergent.
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is absolutely convergent.

First, find the general term of the series:

Your solution
1 1 1 >
p=1
Answer
1 1 1 = (=1)P (—1)»
21 41 6! p— (2p)! (2p)!

Write down an expression for the related series of positive terms:

Your solution

1 1 1 =
54‘@4‘&4‘"' :E ( ) ap =
p=1
Answer
=1 - 1
[ A, — ———
| P |
~ (2p)! (2p)!

Now use the ratio test to examine the convergence of this series:

Your solution

p'" term = (p+ 1) term =
Answer
1 1
th th
p term = —— (p+ )" term = ———
(2p)! 2(p +1))!

) ) (p+1)" term
Find 1 —_—:

= { p'h term

Your solution
1) t
lim —(p+ )™ term =
pth term

p—0o

Answer
(2p)! = 2p2p— 1) = L — 0 as p increases.
Ch+1) 2p+2)2p+1)2p2p—1)... (2p+2)2p+1)
So the series of positive terms is convergent by the ratio test. Hence Z <(2 ))' is absolutely
p):
=1

convergent. g
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Exercises

1. Which of the following alternating series are convergent?

o0 (—1)7 In(3) 0 (_1)p+1 o psin(Qp—i-l)g
@ WG OX e

2. Use the ratio test to examine the convergence of the series:

o0 el © 3 * 1
@Y g OX @7

S

p=1 p=1 p'
= 1 — (—1)pt!
@ G O s

3. For what values of x are the following series absolutely convergent?

(a) Z (_1)pl.p (b) Z (_l)pxp

|
p=1 p P

Answers

1. (a) convergent, (b) convergent, (c) divergent

2. (a) A =0 so convergent

(b) A =0 so convergent

_ : . 1 1 . Y
(c) A =1 so test is inconclusive. However, since —73 > - then the given series is divergent
p p
by comparison with the harmonic series.
(d) A =10/3 so divergent, (e) Not a series of positive terms so the ratio test cannot be

applied.

o0
. " . x|P . , : . :
3. (a) The related series of positive terms is g u For this series, using the ratio test we find
p
p=1

A = |z| so the original series is absolutely convergent if |z| < 1.
oo
: . : x|P
(b) The related series of positive terms is Z 4
p!
p=1
find A = 0 (irrespective of the value of x) so the original series is absolutely convergent for
all values of x.

. For this series, using the ratio test we
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