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Learning outcomes

By studying the Workbook you will understand the concept of a complex function and

its derivative and learn what is meant by an analytic function and why analytic functions
are important.

You will learn about the Cauchy-Riemann equations and the concept of conformal
mapping and be able to solve complex problems involving standard complex functions
and evaluate simple complex integrals.

You will learn Cauchy's theorem and be able to use it to evaluate complex integrals.

You will learn how to develop simple Laurent series and classify singularities of a complex
function.

Finally, you will learn about the residue theorem and how to use it to solve problems.




Complex Functions 26.1

% Introduction

In this introduction to functions of a complex variable we shall show how the operations of taking a
limit and of finding a derivative, which we are familiar with for functions of a real variable, extend in a
natural way to the complex plane. In fact the notation used for functions of a complex variable and
for complex operations is almost identical to that used for functions of a real variable. In effect, the
real variable x is simply replaced by the complex variable z. However, it is the interpretation of
functions of a complex variable and of complex operations that differs significantly from the real case.
In effect, a function of a complex variable is equivalent to two functions of a real variable and our
standard interpretation of a function of a real variable as being a curve on an xy plane no longer holds.

There are many situations in engineering which are described quite naturally by specifying two har-
monic functions of a real variable: a harmonic function is one satisfying the two-dimensional Laplace
equation:
O f _
ox2 Oy
Fluids and heat flow in two dimensions are particular examples. It turns out that knowledge of
functions of a complex variable can significantly ease the calculations involved in this area.

0.

f e understand how to use the polar and \
exponential forms of a complex number
Q Prerequisites e be familiar with trigonometric relations,
hyperbolic and logarithmic functions

Before starting this Section you should . .. ) o
e be able to form a partial derivative

\ e be able to take a limit

\_

Q Learning Outcomes e explain the meaning of the term
analytic function
On completion you should be able to ...
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1. Complex functions

Let the complex variable z be defined by z = x + iy where x and y are real variables and i is, as
usual, given by i> = —1. Now let a second complex variable w be defined by w = u + iv where u
and v are real variables. If there is a relationship between w and z such that to each value of z in a
given region of the z—plane there is assigned one, and only one, value of w then w is said to be a
function of z, defined on the given region. In this case we write

w = f(z).

As a example consider w = 22 — z, which is defined for all values of z (that is, the right-hand side
can be computed for every value of z). Then, remembering that z = = + iy,

w=u+iv=(r+iy)? — (z+iy) = 2° + 2zy — y* —z — iy.

Hence, equating real and imaginary parts: u = 2% — x — y? and v=2xy —y.

If 2 =2+ 3i, for example, then x =2,y =3 sothatu =4—-—2—-9=—-Tandv=12—-3 =9,
giving w = —7 + 9i.

Example 1

1
(a) For which values of z is w = — defined?
z

(b) For these values obtain v and v and evaluate w when z =2 — 1.

Solution
(a) w is defined for all z # 0.

_ 1 1 x—1y r—1y x —y
b = = : = . H =———andv=—"-.
(b) u+iv PO R T S ence u FEEy and v EEy

_ . 2 1 2 1
If z=2—ithen x =2,y =—1 so that z* + y~ = 5. Thenu:g,v:—gandeE—gL

2. The limit of a function

The limit of w = f(z) as z — 2 is a number ¢ such that |f(z) — ¢| can be made as small as we
wish by making |z — 2| sufficiently small. In some cases the limit is 5|mply f(20), as is the case for
w = 2% — z. For example, the limit of this function as z — iis f(i) =i* —i= —1—i.

There is a fundamental difference from functions of a real variable: there, we could approach a point
on the curve y = g(z) either from the left or from the right when considering limits of g(z) at such
points. With the function f(z) we are allowed to approach the point z = z, along any path in the
z-plane; we require merely that the distance |z — 2| decreases to zero.
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Suppose that we want to find the limit of f(z) = 2?2 — 2z as z — 2 + i along each of the paths (a),

(b) and (c) indicated in Figure 1.

YA (b)
Y ()
1 - ,29 <
(a)
. e
2 x
Figure 1

(a) Along this path z =2 +i (forany z) and 2> — 2z =2 + 2zi — 1 — 2 — ¢
Thatis: 22 —z=2>—1—x2+ (22— 1)i.

As z — 2 + i, then © — 2 so that the limit of 22 — zis 22 — 1 — 2+ (4 — 1)i= 1+ 3i.

(b) Here z = 2 +yi (for any y) so that 22 — 2z =4 — > — 2+ (4y — y)i.

As 2 — 2 +i,y — 1 so that the limit of 22 — zis4—1—2+ (4 —1)i= 1+ 3i.

(c) Here z = k(2 + i) where k is a real number. Then

22— 2= K24+ 40— 1) — k(241) = 3k% — 2k + (4k* — k)i.

As z — 241k — 1 so that the limit of 22 —2is3—2+ (4 —1)i =1+ 3i.

In each case the limit is the same.

Evaluate the limit of f(z) = 2+ 2z + 1 as z — 1 + 2i along the paths

(a) parallel to the z-axis coming from the right,

(b) parallel to the y-axis, coming from above,

(c) the line joining the point 1 + 2i to the origin, coming from the origin.

Your solution
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Answer
(a) Alongthis path z =z +2iand 22 +2+1=2>~4+x+1+ 4z +2)i. Asz — 1+2i,x — 1

and 224+ 2+ 1 — —1 + 6i.

(b) Along this path z = 1 + yi
and 22+ 24+1=1-9y*+1+1+2y+y)i. Asz — 1+2i,y —»2and 22 +2+1 — —1+6i.

() fz=Fk(1+2i)then 22+ 2+1=k+k+1—4k*+ (4k* + 2k)i. As z > 1+ 2i,k — 1
and 22 +z+1— —1+ 6i.

Not all functions of a complex variable are as straightforward to analyse as the last two examples.

Consider the function f(z) = z Along the x-axis moving towards the origin from the right
z

z=x and zZ=ux sothat f(z)=1 whichisthelimitas =z — 0 along this path.

However, we can approach the origin along any path. If instead we approach the origin along the
positive y-axis z = iy then

z=—iy and f(z) =—=—1, which is the limit as z — 0 along this path.

ISEIRN]

Since these two limits are distinct then lim — does not exist.

z—0 2

We cannot assume that the limit of a function f(z) as z — 2z is independent of the path chosen.

Definition of continuity
The function f(z) is continuous as z — z if the following two statements are true:

(a) f(z) exists;
(b) lim f(z) exists and is equal to f(zp).

z—20

2 4 2 4
As an example consider f(z) = 119. As z — i, then f(2) — f(i) = —!219 = g Thus f(2) is
z i

continuous at z = i.

5 . . . o 22+4

However, when 2* + 9 = 0 then z = +£3i and neither f(3i) nor f(—3i) exists. Thus — Tg
z

discontinuous at z = %3i. It is easily shown that these are the only points of discontinuity.

is discontinuous. Find lim f(z).

z—i

State where f(z) = o

Your solution
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Answer
2% +4 = 0 where z = +2i; at these points f(z) is discontinuous as f(+2i) does not exist.
[ 1

Eg}f(z) = f(i) = Eaie gi'

It is easily shown that any polynomial in z is continuous everywhere whilst any rational function is
continuous everywhere except at the zeroes of the denominator.

Exercises

- defined? For these values obtain u and v and evaluate w
Z —

1. For which values of z is w =

when z =1 — 2i.

2. Find the limit of f(z) = 2%+ 2 as 2 — i along the paths (a) parallel to the z-axis coming from
the right, (b) parallel to the y-axis coming from above.

3. Where is f(z) =

discontinuous?. Find the lim f(z).

2249 i
Answers
1 1 —(y— 1) —(y— 1)
1. wisdefined forall z £ w= _ I Di 2y bi
rtyi—i r+(y-Di z—(y-1i 22+ (y—-1)
P (y—17 6 1)
1 1 3 1 3
When 2 =1—-2i, =1, y=—-2 sothat u=——F=—, v=—, 2z=—+ —i
1+9 10 10 10 10

2.(d) z=z+i, 22+z=2"+32%1—-22. Asz—i, z—0 and 2°+2—0

(b) z=uwi, 22+2=—ydi+yi As z—i, y—1 and 2+ 2z — —i+i=0.

-1
—1+9

3. f(z) is discontinuous at z = £3i. The limit is f(—i) =

3. Differentiating functions of a complex variable
The function f(z) is said to be differentiable at z = z; if

lim {f(zo + Az) — f(20) }
Az—0 Az

Apart from a change of notation this is precisely the same as the definition of the derivative of a
function of a real variable. Not surprisingly then, the rules of differentiation used in functions of a
real variable can be used to differentiate functions of a complex variable. The value of the limit is
the derivative of f(z) at z = z; and is often denoted by & |Z 2 or by f'(zo).

exists. Here Az = Az + iAy.

A point at which the derivative does not exist is called a singular point of the function.
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A function f(z) is said to be analytic at a point z if it is differentiable throughout a neighbourhood
of 2, however small. (A neighbourhood of zj is the region contained within some circle |z — zo| = r.)

For example, the function f(z) = has singular points where 22 4+ 1 =0, i.e. at z = +i.

22 +1
For all other points the usual rules for differentiation apply and hence
2z
"2) = ——— uotient rule
fO =i )

So, for example, at z = 3i, f'(z) = _(_96_le1)2 = —3%',

Example 2 .
Find the singular point of the rational function f(z) = i Find f’(z) at other
Z+i

points and evaluate f(2i).
Solution
z+i= 0 when z = —i and this is the singular point: f(—i) does not exist. Elsewhere, differentiating
using the quotient rule:

(z4i)-1—2-1 i : i 1.
f'(z) = EEE = Nk Thus at 2z = 2i, we have f'(z) = G = 5"

The simple function f(z) = zZ = x — iy is not analytic anywhere in the complex plane. To see this
consider looking at the derivative at an arbitrary point z,. We easily see that

f(z0 + Az) — f(20)
Az
(o + Ax) —i(yo + Ay) — (w0 —iyo) _ Az —i Ay
Az +iAy Az +i Ay

R =

Hence f(z) will fail to have a derivative at 2, if we can show that this expression has no limit. To
do this we consider looking at the limit of the function along two distinct paths.

Along a path parallel to the x-axis:

A
Ay=0 sothat R= A_x =1, and thisis the limit as Az = Az — 0.
x
Along a path parallel to the y-axis:
N
Az =0 sothat R = IA y_ —1, and this is the limit as Az = Ay — 0.
1Ay

f(z+Az) - f(z)
Az
and so f(z) fails to be differentiable at any point. Hence it is not analytic anywhere.

As these two values of R are distinct, the limit of

as z — zp does not exist
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